Let R be a primitive ring with involution *. Thus R may be considered as an irreducible ring of endomorphisms of an additive abelian group V, so that 7> = Homfi(F, V) is a division ring. Let C be the center of D. We shall furthermore assume that CRQR. It can be shown that an involution 7->7 is induced in C which has the property that yx = (yx*)* for all x£.R-The involution * is of the first kind if 7->7 is the identity mapping and is of the second kind if there is a 75^0GC such that 7 = -7. The set of symmetric elements of R will be denoted by 5.
We now assume that 5 satisfies a nontrivial generalized polynomial identity over C (in the sense of Amitsur). This means that there exists a nonzero element f(xu x2, ■ ■ ■ , x") in the so-called C-universal product R(x) of the C-algebra R and the free C-algebra C[xi, x2, ■ ■ ■ , x", ■ • ■ ] in noncommuting indeterminants xu x2, ■ ■ ■ ,xn, • ■ ■ such that/(5i, 52, • • • , sn) = 0 for all si, s2, ■ ■ ■ ,sn€ES. For more precise details concerning the above notions we refer the reader to [l, §4], and [2, §3] . The usual linearization process may be used so that we may assume without loss of generality that 5 satisfies a nontrivial generalized (homogeneous) multilinear identity of degree ra in xi, x2, • • • , xn:
where each monomial is of the same fixed degree ra, ftEC, and the ak's are elements of R. Furthermore it is clear that one may assume that the ak's belong to some fixed C-basis of R, and that for two distinct monomials in which the variables appear in the same order the corresponding sequences (a,-", ailt • ■ ■ , ain) and (a^, a*;, ■ • • , a,-;) of ring elements differ in at least one position.
Our object in this paper is to prove that, under the given conditions on our ring R, D is finite dimensional over C and R contains nonzero transformations of finite rank. The proof rests heavily on an elementary but powerful lemma on vector spaces due to Amitsur [l, p. 211, Lemma 1 ], a specific version of which we state as follows: We are now ready to begin the study of the primitive ring R with involution *, with CRQR, such that the symmetric elements 5 satisfy a generalized multilinear identity of the form (1) .
Without loss of generality we may assume that the involution * is of the first kind. Indeed, if 7= -7 for some y^OEC, and kEK, the At this point we claim that, in order to prove our main theorem, it suffices to show that Rf contains a nonzero linear transformation of finite rank of Fover F. Indeed, this follows by [l, p. 216, Theorem 7]. Therefore, for the remainder of our proof, we are justified in assuming that to start with D -C is a field. We suppose, for sake of argument, that R does not contain a nonzero transformation of finite rank and aim at obtaining a contradiction. where not all X/ = 0 and Wj = aoiSian • • • a"_i,is"a"y. A contradiction results since {w,} is an independent set. This completes the proof of our main result, which we now state again.
Theorem. Let R be a dense ring of linear transformations of a vector space V over a division ring D, with CRC.R, where C is the center of D. Furthermore, assume that R has an involution and that the set S of symmetric elements of R satisfies a generalized polynomial identity over C. Then D is finite dimensional over C and R contains nonzero transformations of finite rank.
